Abstract -A self-normalizing subgroup is always self-centralizing, but the converse is not necessarily true. Given a finite group G, we denote by w(G) the number of all self-centralizing subgroups of G which are not self-normalizing. We observe that w(G) = 0 if and only if G is abelian, and that if G is nonabelian nilpotent then w(G) ≥ 3. We also prove that if w(G) ≤ 20 then G is solvable. Finally, we provide structural information in the case when w(G) ≤ 3.
Introduction
Let G be a group, and H a subgroup of G. We say that H is a selfnormalizing subgroup of G if H = N G (H), the normalizer of H in G. Moreover, H is a self-centralizing subgroup of G if H ⊆ C G (H), the centralizer of H in G. This is equivalent to require that C G (H) = Z(H), the center of H.
Self-normalizing or self-centralizing subgroups are widely used for recognition on groups. An interesting question is to study groups in which all subgroups not having a given property are self-centralizing. In [2] and [6] locally finite groups, in which all noncyclic subgroups are self-centralizing, are classified.
A still unsolved problem posed by Berkovich [1, p.439, research problem 9] is to classify finite p-groups in which every nonabelian subgroup is self-centralizing. In [3] , Delizia et al. studied such groups and provided some partial answer to the above question. Later, Pavel Zalesskii suggested another related problem: to classify finite groups in which every nonabelian subgroup is self-normalizing. This problem has been solved in [4] . Groups in which every nonnilpotent subgroup is self-normalizing have been considered in [5] .
Clearly, every self-normalizing subgroup is self-centralizing. The converse is, in general, false. Our purpose is to study groups having only few self-centralizing subgroups which are not self-normalizing. All groups considered in this paper are finite. Given any group G, we denote by w(G) the number of all self-centralizing subgroups of G which are not selfnormalizing. In Section 2 we gather some preliminary results. In Section 3 we prove that w(G) = 0 if and only if G is abelian. Furthermore, if G is nilpotent and nonabelian then w(G) ≥ 3. In Section 4 we show that if w(G) ≤ 20 then G is solvable. In Section 5 we investigate the structure of finite groups G with w(G) ≤ 3. In particular, if w(G) ≤ 2 then G is an A-group, i.e. all Sylow subgroups of G are abelian.
Preliminaries
We say that a subgroup H of a group G is a W-subgroup, if it is a selfcentralizing and non-self-normalizing subgroup, i.e.
We denote by w(G) the number of all W-subgroups of G. It is obvious from the definition that the trivial subgroups are not W-subgroups, and that w(G) = 0 for all abelian groups G.
In particular, for every abelian subgroup
In particular, if B is any abelian subgroup of G, we have 
Notice thatK is not self-normalizing in G.
Also H/N is a self-normalizing subgroup of G/N if and only if H is a self-normalizing subgroup of G, since 
Proof. It is easy to see that:
• A × B is a self-centralizing subgroup of G × H if and only if A and B are self-centralizing subgroups of G and H, respectively.
• 
W-subgroups of nilpotent groups
We start by showing that if in a group G, all self-centralizing subgroups of G are self-normalizing i.e. G has no W-subgroups, then it is abelian. Proof. It is a consequence of Proposition 2.1 and Theorem 3.1. We also give a direct proof.
Let G be a minimal counterexmaple. By Lemma 2.2, all proper subgroups of G are abelian, hence G is a minimal nonabelian group.
We have two cases:
Assume now that G ′ = G. We show that G is simple. If N is a nontrivial normal subgroup of G, then by Lemma 2.3, w(G/N ) = 0, so by minimality of G, we have G/N is abelian, hence G ′ ≤ N , a contradiction. Therefore G is simple and minimal nonabelian. By [9] , minimal nonabelian groups are non-simple, a contradiction. □ Proposition 3.3. Let G be a finite nilpotent group, and assume that G is not abelian. Then w(G) ≥ 3.
Proof. Since G is nilpotent, every proper subgroup of G is properly contained in its normalizer in G. Hence every self-centralizing subgroup of G is a W-subgroup of G. Each element of G is contained in a maximal abelian subgroup of G, and G is the union of them. As G is nonabelian, G has at least three maximal abelian subgroups. Clearly, the latter are self-centralizing subgroups of G. • The projective special linear group P SL (2, 3 p ), where p is an odd prime.
• The projective special linear group P SL (2, p) , where p > 3 is a prime such that 5|p 2 + 1.
, where p is an odd prime.
• The projective special linear group P SL(3, 3).
Thus we only have to deal with projective special linear groups and Suzuki groups. 
. By an easy calculation, one can see that H is an abelian subgroup of G and C G (H) = H, so H is selfcentralizing.
Similarly we have
. But it is well-known that
.
Thus H has at least 21 conjugate subgroups in G, and they are Wsubgroups. Therefore
Proof. By Suzuki's work in 1960 [12, p.3] , the Suzuki group Sz(q) has a cyclic subgroup A of order q − 2r + 1, where q = 2 2m+1 and r = 2 m , such that A is the centralizer of its non-identity elements. So that A is self-centralizing. Moreover, A is of index 4 in its normalizer, hence A is not self-normalizing. Therefore A is a W-subgroup.
But the order of G is q 2 (q − 1)(q 2 + 1) and q = 2 2m+1 ≥ 8, so that (2, q) , then by Proposition 4.2 we have q ≤ 40. On the other side, for 4 ≤ q ≤ 40 we can easily check, using GAP [13] , that w(G) ≥ 21, a contradiction. Similarly if G = P SL (3, 3) then w(G) ≥ 21. Therefore G is solvable. □
Groups with few W-subgroups
In this section we describe groups with at most three W-subgroups. From now on, the Fitting subgroup of a group G will be denoted by F (G). First we consider groups G with w(G) = 1. (1) H 1 has prime index p in G, and G = P ⋉ A, where P is a Sylow psubgroup of G and A is an abelian normal p ′ -subgroup of G; In particular, p = 2.
Proposition 5.1. Let G be a finite group, and assume that w(G) = 1. Then F (G) has prime index in G. Moreover F (G) is the unique proper normal self-centralizing subgroup of G, and the unique W-subgroup of G.
Proof. Arguing as in the proof of Proposition 3.3 we obtain that w(G) = 3 if and only if G has exactly three maximal abelian subgroups, and of course it is the union of them. Thus our statement follows from well-known results due to Scorza [10] (see also [7] (H 1 ) is normal in G. Therefore, N G (H 1 ) is a W-subgroup of G, since it is a proper, normal and self-centralizing subgroup in G.
But w(G) = 3 so N G (H 1 ) = F (G) a contradication, because that by the proof of Theorem 5.4, F (G) is a maximal abelian subgroup of G, so it is minimal self-centralizing.
Therefore H 1 is normal in G. Similarly H 2 is normal in G. □
